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NATIONAL AEZONAUTICS AND SPACE ADMINISTRATION 

TECHNICAL NOTE D-829 

CALCULATED NORMAL LOAD FACTORS ON LIGHT AIRPLANES 

TRAVERSING THE TRAILING VORTICES OF HEAVY 

TRANSPORT AIRPLANES 

By W i l l i a m  A .  McGowan 

SUMMARY 

Results are presented of normal-load-factor calculat ions made f o r  
a l i g h t  normal-category airplane and a l i g h t  transport-category airplane 
t ravers ing  t h e  t r a i l i n g  vor t ices  generated by each of th ree  heavy t rans-  
por t  a i rplanes.  With each l i g h t  airplane, the  normal load fac tors  were 
determined f o r  severa l  penetrat ion paths lying i n  a plane perpendicular 
t o  the t r a i l i n g  vor t ices  and f o r  t h r e e  center-of-gravity locat ions and 
v e l o c i t i e s .  Also determined f o r  the  l i g h t  normal-category airplane were 
t h e  e leva tor  def lect ion required t o  maintain 1 g f l i g h t  and t h e  v e r t i c a l  
displacements of t h e  airplane from t h e  prescribed penetration paths while 
t ravers ing  t h e  vor t ices .  

- me met'nods used (formulated from available theories ) and zl exziiple 
i l l u s t r a t i n g  use of derived char t s  f o r  computing normal load fac tors  a r e  
given i n  t h e  appendixes. 

The results indicate  t h a t  li&t airplanes t ravers ing  the  wakes of 
cur ren t ly  operat ional  heavy t ranspor t  airplanes can experience loading 
conditions t h a t  exceed t h e  design l i m i t  and, i n  some cases, t h e  design 
ultimate load f a c t o r s .  
by a proposed supersonic t ransport  airplane t h e  design ult imate load 
f a c t o r s  can be grea t ly  exceeded. It w a s  also shown t h a t  load fac tors  
imposed by t h e  vortex system could be a l lev ia ted  by elevator  def lect ion;  
however, because of inherent p i l o t  and control-system lag ,  the  load 
f a c t o r s  would almost cer ta in ly  be aggravated r a t h e r  than a l lev ia ted .  

For l i g h t  airplanes t ravers ing  the  wake generated 

INTRODUCTION 

The adverse e f f e c t s  on an airplane t raversing t h e  wake of another 
a i rp lane  are w e l l  known (see, f o r  example, r e f s .  1 t o  4 )  and a number of 
papers have been wr i t ten  which bear on various phases of t h e  problem 
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( for  example, r e f s .  3 t o  8 ) .  
that  t h e  vortex t ra i l s  can p e r s i s t  f o r  a minute o r  more under calm 
atmospheric conditions and are rapidly broken up by turbulence and t h a t  
there is  good agreement between t h e  measured and t h e  calculated i n t e n s i t y  
of t r a i l i n g  vor t ices .  Also, these  invest igat ions reveal  c e r t a i n  t rends 
from which it can be reasoned q u a l i t a t i v e l y  t h a t  (1) since t h e  vortex 
t ra i ls  are invis ib le  no appropriate evasive ac t ion  can be taken by t h e  
p i l o t  except t o  be alert  on calm days i n  high-intensi ty  t r a f f i c  areas 
whether o r  not another a i rp lane  is  i n  s i g h t ,  ( 2 )  reducing speed or f l y i n g  
e i ther  above or below t h e  path of an a i rp lane  should reduce t h e  magni- 
tude of t h e  load fac tors ,  ( 3 )  e i t h e r  enter ing perpendicular t o  or 
quartering t h e  vortex trails w i l l  r e s u l t  i n  approximately t h e  same magni- 
tude of load f a c t o r s  except as such maneuvers might cause t h e  period of 
the vortex impulses t o  coincide more near ly  with the n a t u r a l  o s c i l l a t i o n s  
of t h e  airplane,  and (4)  t h e  e f f e c t  of e levator  motion on t h e  load f a c t o r s  
could e i t h e r  be canceling o r  aggravating, depending upon the phasing of 
the elevator  motion with t h e  impulses from t h e  vor t ices .  

A s  a r e s u l t  of these works, it i s  known 

Although these f a c t o r s  and t rends a r e  known, very l i t t l e  informa- 
t i o n  i s  avai lable  on e i t h e r  t h e  a c t u a l  quant i t ies  involved o r  a reasonably 
simple method f o r  computing t h e  load f a c t o r s  i n  a given case.  
it is the purpose of t h i s  report  t o  present t h e  r e s u l t s  of a s e r i e s  of 
systematic normal-load-factor calculat ions and t o  present t h e  methods 
used. The calculat ions were made f o r  a l i g h t  normal-category a i rp lane  
and a l i g h t  transport-category airplane t ravers ing,  under various condi- 
t i o n s ,  t h e  wakes generated by each of th ree  heavy t ranspor t  a i rp lanes .  

Therefore, 

A l is t  of t h e  symbols used throughout t h e  paper i s  given i n  
appendix A .  

SCOPE OF CALCULATIONS 

"he var iables  involved i n  t h i s  normal-load-factor invest igat ion are 
contingent upon (1) t h e  c h a r a c t e r i s t i c s  and fl ight conditions of t h e  
generating airplanes and (2)  t h e  ve loc i ty ,  s t a t i c  stabil i ty,  penetrat ion 
path, configuration, and e leva tor  motion of t h e  penetrat ing airplanes. 

The t h r e e  heavy t ranspor t  a i rplanes generating t h e  wakes are refer red  
t o  as the  generating airplanes.  
wakes of t h e  heavy airplanes are re fer red  t o  as t h e  penetrat ing a i rp lanes .  
Three-view sketches of the penetrat ing airplanes are given i n  f i g u r e  1. 

The two  l ight a i rp lanes  penetrat ing t h e  
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Generating Airplanes 

"he c h a r a c t e r i s t i c s  of t he  generating airplanes required t o  e s t ab l i sh ,  
by t h e o r e t i c a l  m e a n s ,  t h e  s t rength  and behavior of t h e  wing-tip t r a i l i n g  
vo r t i ce s  are given i n  t a b l e  I. 
selected,  a m i l i t a r y  t ranspor t  GA and a swept-wing c i v i l  t ranspor t  GB, 
are present ly  opera t iona l  and the  t h i r d  airplane Gc represents  a proposed 
supersonic t r anspor t  of t he  fu ture  (ref.  9 ) .  
were se lec ted  so t h a t  t h e  r e l a t i v e  e f f ec t s  of a i rp lane  geometry and weight 
on t h e  normal load f ac to r s  experienced by a penetrating a i rp lane  could be 
determined. "he f l i g h t  conditions are those t h a t  might e x i s t  sho r t ly  
before landing o r  a f t e r  take-off ,  as t h e  probabi l i ty  of one a i r p l a n e ' s  
t ravers ing  t h e  wake of another would be greatest  near a i r f i e l d s  where 
t h e  r e l a t i v e  i n t e n s i t y  of a i rp lane  t r a f f i c  i s  high. 

Two of t h e  three t ranspor t  a i rp lanes  

Three generating a i rp lanes  

A schematic sketch of t h e  wing-tip rolled-up t r a i l i n g  vo r t i ce s  shed 
by t h e  generating a i rp lanes  i s  shown i n  figure 2. The generating air- 
planes were considered t o  be f l y i n g  s t r a i g h t  and l e v e l  f o r  t h e  present 
ana lys i s .  

Penetrat ing Airplanes 

Airplane PA i s  a t y p i c a l  l i g h t  normal-category a i rp lane  of about 

(See 
2,000 pounds with ex terna l ly  braced high wing and s ing le  engine. 
plane Pg i s  a l i g h t  transport-category airplane i n  current  use. 
f i g .  1.) 
analys is  are l i s t e d  i n  t a b l e  11. The aerodynamic cha rac t e r i s t i c s  vere 
obtained from e i t h e r  ava i lab le  methods o r  suggested values presented i n  
t h e  literature. 

A i r -  

The geometric and aerodynamic cha rac t e r i s t i c s  per t inent  t o  the  

Airplane PA was considered t o  meet standards f o r  normal-category 
a i r c r a f t  as defined i n  reference 10. Airplanes i n  t h i s  category a r e  
intended f o r  nonacrobatic operation. 
l i m i t  load f a c t o r s  are 3.8 and -1.5, respectively.  
f ac to r s  represent  t h e  maximum loads ant ic ipated i n  service.  
plane s t r u c t u r e  is, however, designed t o  support ul t imate  loads of magni- 

The posi t ive and negative design 
The l i m i t  load 

The air- 

tudes lk times t h e  l i m i t  loads.  
f ac to r s  are, therefore ,  5.7 and -2.25, respect ively.  

The posit ive and negative ultimate load 2 

Airplane Pg, i n  t h e  t ranspor t  category, was considered t o  comply 
with t h e  requirements of reference 11. The pos i t i ve  and negative design 
l i m i t  load f a c t o r s  are 2.5 and -1.0, respectively,  and t h e  corresponding 
ultimate load f ac to r s  a re  3.75 and -1.5. 
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The penetrating airplanes,  p r i o r  t o  enter ing the  t r a i l i n g  vor t ices  
of t h e  generating airplanes,  are trimmed f o r  f l i g h t  along the  prescribed 
penetration paths.  All the  penetrat ion paths a r e  i n  the  plane shown i n  
figure 2.  The plane of the paths  is  perpendicular t o  the  t r a i l i n g  vor- 
t i c e s  of the  generating airplane.  The l i n e  of vortex centers ,  noted i n  
figure 2, i s  t h e  reference l i n e  used i n  designating t h e  l e v e l  and incl ina-  
t ion of t h e  penetrat ion paths.  
paths through t h e  v o r t i c e s  is shown i n  f igure  3. 

An i l l u s t r a t i v e  sketch of the  various 

Although t h e  a l t i t u d e  along t h e  penetrat ion paths var ies ,  t h e  mass 

For con- 

The f l i g h t  conditions f o r  t h e  

density of air  is  assumed t o  be constant a t  a value of 0.002309 s lug  per  
cubic foot ,  occurring at  the pressure a l t i t u d e  of 1,000 f e e t .  
sistency of calculat ions,  t h e  penetrat ing a i rp lanes  en ter  t h e  vor t ices  
from the l e f t ,  as indicated i n  figure 3. 
penetrating airplanes are enumerated i n  table I11 as cases 1 t o  16. 

The e f f e c t s  o f  penetrating-airplane veloci ty ,  center-of-gravity 
location ( s t a t i c  s t a b i l i t y )  , penetrat ion path, configuration, and vortex 
in tens i ty  on t h e  normal load f a c t o r  were determined from the load-factor 
time h i s t o r i e s  calculated f o r  cases 1 t o  14 by varying the aforementioned 
variables i n  a systematic manner. 
plane w a s  held f ixed  during evaluation of these e f f e c t s .  

The e leva tor  of t h e  penetrat ing air- 

The addi t ional  influence of an estimated e leva tor  motion on the 
load fac tor  of a penetrating a i rp lane  was determined as case 15. The 
elevator motion represented an attempt by t h e  p i l o t  t o  a l l e v i a t e  the  
normal load f a c t o r s  imposed by t h e  vor t ices .  Corrective p i t c h  ac t ion  
(down e leva tor )  was i n i t i a t e d  as t h e  penetrat ing airplane experienced 
the pos i t ive  load f a c t o r s  upon first en ter ing  the vortex system. The 
estimated control  motion was made consis tent  w i t h  what were believed t o  
be reasonable control  rates and p i l o t  and control-system l a g .  

I n  addition, calculat ions were made t o  evaluate t h e  incremental 
elevator motion required t o  maintain 1 g f l i g h t  while t ravers ing  t h e  
vortices (case 16 ) .  Also, v e r t i c a l  displacements of t h e  a i rp lane  from 
a prescribed penetrat ion path through t h e  vor t ices  were determined f o r  
cases 1, 2, and 3 .  

ME'I'HODS AND RESULTS 

As defined i n  t h i s  paper, t h e  normal load f a c t o r  on an a i rp lane  
traversing t r a i l i n g  vor t ices  i s  composed of the  increments r e l a t e d  t o  
steady-state f l i g h t ,  vortex flow, and airplane dynamic response i n  p i t c h  
due t o  t h e  vortex flow and/or incremental e levator  def lec t ion .  The air- 
plane is considered t o  t raverse  t h e  vor t ices  i n  such a way t h a t  t he  com- 
ponent loads induced are symmetrical about i t s  center  l i n e  and i ts  
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response is  i n  t h e  v e r t i c a l  plane only. 
vortex s t rength  and normal load fac tors  make use of various establ ished 
theor ies .  

The methods f o r  calculat ing the  

Details of the methods used a r e  presented i n  appendix B. 

Tra i l ing  Vortices 

I n  order t o  evaluate t h e  normal-load-factor increments r e l a t e d  t o  
t h e  vortex flow and t h e  airplane p i tch  response (motivated by t h e  vortex 
flow), it i s  f i rs t  necessary t o  determine t h e  i n t e n s i t y  and behavior of 
t h e  v o r t i c e s .  

I n  accordance with t h e o r e t i c a l  expressions given i n  reference 12, 
aad i n  conjunction with t h e  geometric charac te r i s t ics  and f l i g h t  condi- 
t i o n s  of t h e  generating airplanes,  t h e  vortex parameters were evaluated 
f o r  a dis tance 
t i c e s  became e s s e n t i a l l y  r o l l e d  up. These parameters are: (1) t h e  
vortex-core radius rc, (2 )  the tangent ia l  veloci ty  wv of the circula-  
t o r y  flow i n  t h e  plane of t h e  penetrat ion paths (example shown i n  f i g .  4), 
( 3 )  t h e  distance d between t h e  core centers,  ( 4 )  t h e  dis tance x 
from t h e  nearest  vortex core where t h e  airplane i s  considered t o  f i rs t  
penetrate  the vor t ices ,  and ( 5 )  t h e  downward ve loc i ty  of the vortex 
cores wd with reference t o  the generating a i r p l a n e ' s  f l i g h t  path.  
These vortex parameters define t h e  in tens i ty ,  ve loc i ty  d is t r ibu t ion ,  
locat ion,  and movement of t h e  t r a i l i n g  vort ices  f o r  the  generating air-  
planes and are given i n  t a b l e  I V .  

e behind t h e  wing at  which t h e  wing-tip t r a i l i n g  vor- 

The t h e o r e t i c a l  expressions ind ica te  t h a t  the  t a n g e n t i a l  ve loc i ty  
approaches i n f i n i t y  near t h e  vortex center .  
vortex core i s  assumed t o  r o t a t e  as a so l id  body; hence, t h e  ve loc i ty  
within t h e  core decreases l i n e a r l y  from a maximum at t h e  periphery t o  
zero at t h e  center .  

However, i n  t h i s  paper t h e  

N o r m a l  Load Factor 

The noma1 load f a c t o r  on the penetrating airplanes t ravers ing  the  
vortex f ie lds  can be wr i t ten  

(1) n = n l  + n z  + nr 

where n 1  represents the trim steady-state or d a t u m  load f a c t o r ,  n2 
represents  the load f a c t o r  r e l a t e d  t o  t h e  vortex-system veloci ty ,  and 
nr 
about t h e  penetrat ion path. 
form as 

represents  the load f a c t o r  due t o  airplane motion or dynamic response 
Equation (1) can be wri t ten i n  coef f ic ien t  
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The vortex-induced angle of a t t ack  on the  penetrat ing a i rp lane  
found by determining the  r a t i o  (angle)  of the  resu l tan t  vortex-system 
velocity component (perpendicular t o  the  penetrat ion path)  t o  the  forward 
velocity of the penetrating airplane and then adjust ing t h i s  r a t i o  (angle) 
fo r  l ag - in - l i f t  e f f e c t .  An example of the resu l tan t  vortex-system ve loc i ty  
component f o r  case 2 i s  shown i n  f igu re  5 .  The induced angle of a t t ack  
a, 
from the  second-order d i f f e r e n t i a l  equation f o r  t h e  longi tudinal  motion 
of an assumed r i g i d  penetrat ing airplane with impressed moment caused by 
the vortex flow and/or e levator  motion. The values of t he  other  param- 
e t e r s  i n  equation (2 )  a re  l i s t e d  i n  t ab le  11. 
for  n a t  times selected along the  penetrat ion paths t o  represent ade- 
quately the normal-load-factor t i m e  h i s t o r i e s .  
factors  "1, "2, and nr and the sum of these f ac to r s  calculated f o r  
an elevator-fixed penetration case a re  shown i n  f igure  6. 

a2 was 

due t o  a i rplane response about t he  penetration path w a s  evaluated 

Equation (2 )  w a s  solved 

Typical normal load 

Plot ted time-history r e s u l t s  a r e  shown i n  f igure  7 f o r  t h e  calculated 
normal load f ac to r s  on airplane PA t ravers ing  w i t h  e levator  f ixed  the vor- 
t i c e s  of a i rplane GA. 
ef fec ts  of ve loc i ty  ( f i g .  7 (a ) ) ,  center-of-gravity locat ion ( f i g .  7 ( b ) ) ,  
height of penetration path w i t h  respect t o  the  l i n e  of vortex centers  
( f i g .  7 ( c ) ) ,  and angle of penetration with respect t o  the  l i n e  of vortex 
centers ( f i g .  7 (d) ) .  
h i s to r i e s  are presented f o r  a i rplanes PA and PB, respect ively,  when 
penetrating with elevator  f ixed  the  vor t ices  of a i rplanes GA, GB, and G c .  
The e f f ec t  of an estimated elevator  motion on penetrating a i rp lane  PA is  
shown i n  f igure  10. Also shown i n  the  f igure  i s  the  time h i s to ry  of the  
estimated elevator  motion. I n  addition, t he  time h i s to ry  of t h e  i n i t i a l  
incremental e levator  def lect ion required f o r  1 g f l i g h t  through the  vor- 
t i c e s  i s  indicated.  The limit and ult imate design load f ac to r s  f o r  t he  
penetrating airplanes a re  indicated i n  f igures  8, 9, and 10. 

The time h i s t o r i e s  a r e  grouped t o  i l l u s t r a t e  the  

I n  figures 8 and 9 the  normal-load-factor time 

The elevator  def lec t ion  required f o r  1 g f l i g h t  was defined as the  
deflection necessary t o  maintain the  normal load f a c t o r  a t  t h e  1 g datum 
value and i s  expressed by a r e l a t i o n  developed from the  second-order 
d i f f e ren t i a l  equation f o r  t h e  longi tudinal  motion of t he  penetrat ing air- 
plane. 
f ixed) and the calculated elevator  def lec t ion  required t o  maintain 1 g 
f l i g h t  i n  t h i s  example a re  shown i n  f igure  11. 

An example of t h e  load f ac to r  induced by the  vor t ices  (e leva tor  
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Ver t ica l  Displacement 

The v e r t i c a l  displacements of airplane PA from prescribed penetra- 
t i o n  paths were determined by numerically integrat ing,  twice w i t h  respect 
t o  t h e ,  t h e  normal accelerat ion (from 1 g f l igh t )  calculated f o r  t h e  
airplane with e leva tor  f ixed.  
a i rplane,  as determined f o r  severa l  cases, a r e  p lo t ted  i n  figure 12. 

Ver t ica l  displacements of the penetrat ing 

DISCUSSION 

The discussion on t h e  t h e o r e t i c a l  behavior of t h e  t r a i l i n g  vor t ices  
is  followed by accounts of t h e  e f f e c t s  of c e r t a i n  var iables  on t h e  normal 
load f a c t o r s ,  t h e  e leva tor  requirement f o r  1 g f l i g h t  through the  vor- 
t i c e s ,  and v e r t i c a l  displacements from the prescribed penetration paths.  

Tra i l ing  Vortices 

The vor t ices  become e s s e n t i a l l y  ro l led  up at spec i f ic  distances 
behind the wings as l i s t e d  i n  table I V .  A t  these  distances and beyond, 
t h e  disturbances caused by t h e  propel le r  and/or jet-engine-exhacst wakes 
were assumed t o  be negl igible .  The f l i g h t - t e s t  r e s u l t s  of references 5 
and 6 ind ica te  t h a t  t h i s  was a reasonable assumption. The magnitude and 
d i s t r i b u t i o n  of t h e  resu l tan t  v e l o c i t i e s  o f  t h e  t r a i l i n g  vor t ices  as 
calculated i n  t h i s  report  were found t o  be comparable t o  f l i g h t  measure- 
ments given i n  reference 5 .  

The f l i g h t - t e s t  results (refs. 5 ,  6, and 7) a l s o  show tha t  t h e  
rolled-up v o r t i c e s  can maintain approximately i n i t i a l  s t rength  f o r  30 see- 
onds and up t o  possibly a minute or more in very calm air .  No d iss ipa t ion  
of vortex s t rength  was considered because of t h e  slow rate of decay of 
t h e  vor t ices .  Therefore the  assumption was made t h a t  t h e  spanwise wing 
loading was symmetrical f o r  an a i rp lane  penetrating the vor t ices  perpen- 
d i c u l a r  t o  t h e  vortex t ra i l .  Small amounts of atmospheric turbulence 
can, however, cause t h e  vor t ices  t o  move e r r a t i c a l l y  and decay rapidly 
(refs. 5 and 8) .  
calculated from equations derived f o r  wings having an e l l i p t i c a l  spanwise 
loading. 
e l l i p t i c a l  loading e i t h e r  with o r  without f l a p  def lect ions provided t h e  
f l a p s  are f u l l  span. If the  f l a p s  a r e  p a r t i a l  span, and def lected,  the  
spanwise loading d is t r ibu t ions  would probably not be e l l i p t i c a l  i n  shape. 
It is  possible ,  then, t h a t  more than two rolled-up vor t ices  could be 
developed rearward of each wing. 

The c i rcu la tory  veloci ty  contours of the  vor t ices  were 

These equations would be applicable f o r  wings having near 
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The behavior of t h e  t r a i l i n g  vor t ices  behind wings having abrupt 
changes i n  spanwise loading - t h a t  is, whether or not t h e  t r a i l i n g  vor- 
t i c e s  will combine i n t o  two or more rolled-up vor t ices  - may not be known 
( r e f .  1 3 ) .  If knowledge of t h e  t ra i l ing-vor tex  behavior is  unknown, it 
i s  believed t h a t  a f a i r  quant i ta t ive  representat ion of the  vortex-system 
velocity gradient can s t i l l  be made, f o r  use i n  determining t h e  range of 
airplane normal load f a c t o r s ,  by employing t h e  equations presented herein.  

Load Factors 

Elevator-fixed penetrat ions.  - The normal-load-factor calculat ions,  
assuming r i g i d  penetrating airplanes,  include the  load f a c t o r s  associated 
w i t h  t h e  dynamic response of the  airplanes t o  the  vortex impulses. 
assumption of a r i g i d  s t r u c t u r e  f o r  a i rp lane  PA appears reasonable 
( r e f .  1 4 )  f o r  these calculat ions.  However, i f  a penetrat ing airplane 
has a r e l a t i v e l y  f l e x i b l e  wing (such as, possibly,  a i rp lane  Pg) the  r ig id-  
body treatment of the  problem may not be adequate. Results of re fer -  
ence 15 show that the  wing-root bending moments and fuselage center- l ine 
load f a c t o r s  of an elastic-body system can be 25 percent grea te r  than for 
a rigid-body system subjected t o  l i k e  f l i g h t  conditions.  The increases 
a r e  a t t r i b u t e d  t o  a dynamic-overshoot e f f e c t  as the a i rp lane  penetrates  
a velocity gradient.  
deciding whether or not t h e  airplane,  when encountering a sine-shaped 
gust, may be t r e a t e d  as a r i g i d  body. 
the period r a t i o ,  the time t o  penetrate t h e  gust t o  the  point of maximum 
gust ve loc i ty  divided by one-fourth t h e  n a t u r a l  period of t h e  fundamental 
wing bending mode, i s  of t h e  order of 5 or grea ter ,  t h e  a i rp lane  may be 
t rea ted  as a r i g i d  body. " 

The 

A rule of thumb i s  given i n  reference 15 for 

The rule s t a t e s  t h a t  "as long as 

The normal load f a c t o r s  calculated f o r  th ree  penetrating-airplane 
ve loc i t ies  ind ica te  two expected t rends ( f i g .  7 (a) ) .  One t rend  i s  t h a t  
peak load f a c t o r s  f o r  a given airplane occur over corresponding shor te r  
periods of time as t h e  ve loc i ty  of t h e  penetrat ing airplane increases .  
The o ther  t rend is  t h a t  the  peak load f a c t o r s  show an increase i n  magni- 
tude with corresponding increases of a i rplane ve loc i ty .  

The load f a c t o r s  f o r  t h e  three  center-of-gravity locat ions,  i l l u s -  
t r a t i n g  the  e f f e c t  of a i rplane s t a t i c  s t a b i l i t y ,  show t h a t  t h e  peak 
values of load f a c t o r  vary l i t t l e  with center-of-gravity locat ion 
(f ig .  7 ( b ) ) .  There a r e  some differences i n  load f a c t o r  between t h e  
peak values; however, t h e  differences a r e  of r e l a t i v e l y  small magnitude. 

The calculated load f a c t o r s  f o r  d i f f e r e n t  l e v e l s  of penetrat ion 
indicate t h a t  as t h e  a i rp lane  becomes more d i s t a n t  f r o m t h e  l i n e  of 
vortex centers  t h e  peak load f a c t o r s  rapidly diminish i n  magnitude, as 
would be expected ( f i g .  7 ( c ) ) .  Along penetrat ion paths 25 feet above 
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o r  below t h e  l i n e  of vortex centers t h e  peak load f a c t o r s  from the  1 g 
steady f l i g h t  d a t u m  a r e  less than one-half t h e  peak values calculated 
f o r  t h e  path coinciding with the  l i n e  of vortex centers .  

When t h e  penetrating airplane en ters  t h e  vortex system at angles 
t o  t h e  l i n e  of vortex centers,  and through the  center  of t h e  core f i rs t  
approached, t h e  peak maximum and minimum load f a c t o r s  experienced 
i n i t i a l l y  are approximately t h e  same f o r  entry angles t o  *45O, t h e  extent  
of t h e  invest igat ion.  As t h e  ai rplane progresses along t h e  penetrat ion 
path t h e  load f a c t o r s  then a r e  seen t o  approach the  s teady-state  or 1 g 
value with increasing r a p i d i t y  as the  penetrating angle increases 
( f i g .  7 ( d ) ) .  
a f t e r  t h e  i n i t i a l  peak values s ince t h e  influence of t h e  f a r t h e s t  vortex 
i s  s m a l l  f o r  angles of +15O and k45O. 

The load f a c t o r s  approach the s teady-state  value rapidly 

A comparison of the  calculated load fac tors  on t h e  penetrating air- 
planes,  t ravers ing  with elevator  f ixed the vor t ices  of t h e  t h r e e  heavy 
t ranspor t  a i rplanes ( f i g s .  8 and 9 ) ,  indicates t h a t  t h e  design l i m i t  and 
ultimate load f a c t o r s  can be, i n  some cases, exceeded. The design ulti- 
mate load f a c t o r s  a r e  exceeded on airplane PA when t ravers ing  t h e  wakes 
of a i rplanes GB and Gc and on airplane PB when t ravers ing  t h e  wake of 
a i rp lane  Gc. The design l i m i t  load fac tor  i s  exceeded on airplane PB 
when t ravers ing  t h e  w a k e  of a i rplane %. The design load f a c t o r s  are 
not exceeded on e i t h e r  penetrating airplane when t ravers ing  the  wake of 
a i rplane GA. 
grea ter  than those on airplane Pg f o r  comparable conditions because air- 
plane PA i s  much l i g h t e r  than airplane Pg. 
incremental peak load f a c t o r s  (from t h e  1 g datumj t o  the  respective 
design ultimate load f a c t o r s  of t h e  penetrating airplanes f o r  comparable 
conditions are approximately t h e  same. 

The peak load f a c t o r s  on airplane PA a r e  considerably 

However, t h e  r a t i o s  of t h e  

Estimated e leva tor  motion.- The preceding discussion has been con- 
cerned with t h e  penetrat ing airplanes t ravers ing t h e  vortex system with 
e leva tor  f ixed.  Also invest igated was the e f f e c t  of an e leva tor  control  
motion which might be made by a p i l o t  i n  an e f f o r t  t o  a t tenuate  t h e  
normal load f a c t o r s  imposed by the  vort ices .  As indicated i n  f igure  10, 
the  load f a c t o r  n i n  t h i s  example exceeds both t h e  design l i m i t  and 
t h e  design ul t imate  load f a c t o r s ,  whereas t h e  design load f a c t o r s  were 
not exceeded when t h e  same vortex system was t raversed with elevator  
f ixed  . 

O f  course an elevator  motion could e i t h e r  aggravate or a l l e v i a t e  
the normal load f a c t o r  on t h e  airplane t ravers ing t h e  vor t ices ,  depending 
upon t h e  phasing of t h e  elevator  deflection with t h e  load f a c t o r s  imposed 
by the  v o r t i c e s .  However, s ince t h e  t r a i l i n g  vor t ices  are normally 
i n v i s i b l e  and an encomter  unexpected, a def lect ion of t h e  e leva tors  
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would i n  a l l  probabi l i ty ,  because of inherent p i l o t  and control-system 
lag,  cause grea te r  peak load f a c t o r s  than i f  t h e  elevators  were held 
fixed. 

Elevator Deflection Requirement 

It i s  a l s o  of i n t e r e s t  t o  determine t h e  elevator  def lec t ion  necessary 
t o  maintain 1 g f l i g h t  f o r  t h e  penetrat ing airplane while t ravers ing  the  
vort ices .  As an example (case 16) t h e  incremental e leva tor  def lec t ion  
required t o  maintain 1 g f l i g h t  w a s  calculated f o r  a i rplane PA. 
culations were made f o r  case 16 primarily because t h e  r e l a t i v e l y  small 
magnitude and low r a t e  of change with time of a i rplane load f a c t o r  f o r  
t h i s  case would require  comparatively small incremental e levator  deflec- 
t ions and def lect ion rates. The low rate of change of load f a c t o r  a l s o  
permitted adequate solut ions of ri and (first  and second numerical 
d i f fe ren t ia t ions  of 
def lect ions.  

The ca l -  

n ) ,  which were needed t o  solve f o r  t h e  e leva tor  

As shown i n  f igure  11, even i f  t h e  required elevator  motion could 
be an t ic ipa ted  by the p i l o t ,  t h e  maximum def lec t ion  required t o  maintain 
1 g f l i g h t  f o r  t h e  example case is  not within t h e  c a p a b i l i t i e s  of the  
control system. 

V e r t i c a l  Displacement 

The v e r t i c a l  displacements of a i rp lane  PA from t h e  penetrat ion path 
prescribed f o r  cases 1 t o  3 range from approximately 4 f e e t  above t h e  
l i n e  of vortex centers  t o  8 f e e t  below ( f i g .  1 2 ) .  
displacements f o r  case 2, f o r  example, range from about 3 feet  above t o  
8 f e e t  below the  l i n e  of vortex centers .  From inspection of f igure  7 ( c ) ,  
which presents n f o r  severa l  values of h at  t h e  v e l o c i t y  of case 2, 
the e f f e c t s  of displacements of 3 feet  o r  less i n  the region of t h e  
vortex cores would be expected t o  have l i t t l e  e f f e c t  on t h e  normal load 
fac tor .  
airplane passes through t h e  second core would have negl igible  e f f e c t  on 
the load f a c t o r .  Thus it was concluded t h a t ,  f o r  the  cases invest igated,  
the e f f e c t s  of t h e  v e r t i c a l  displacements on the  normal load f a c t o r s  d id  
not warrant inclusion i n  t h e  present ca lcu la t ions .  

Spec i f ica l ly ,  t h e  

The 8-foot displacement which occurs w e l l  after t h e  penetrat ing 

CONCLUSIONS 

The systematic ca lcu la t ion  of normal load f a c t o r  u t i l i z e d  ava i lab le  
theories and accounted f o r  normal t r a n s l a t i o n a l  veloci ty ,  l a g  i n  l i f t ,  
and dynamic response i n  p i t c h  of l i g h t  a i rplanes t ravers ing  vortex f i e l d s .  
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The results indica te  t h a t  l i g h t  normal-category and l i g h t  t ransport-  
category a i rp lanes  t ravers ing  wakes of current ly  operat ional  heavy t rans-  
por t  a i rp lanes  can experience loading conditions t h a t  exceed the  design 
l i m i t  and, i n  some cases,  the  design ultimate load f ac to r s .  

Load f ac to r s  calculated f o r  t he  l i g h t  a i rplanes t ravers ing  the  wake 
of a proposed supersonic t ranspor t  were shown t o  exceed t h e  design u l t i -  
mate load f ac to r s  by a comparatively large amount. Hence, because of 
the design t r end  toward heavy supersonic t ranspor t s  with shor t  wing 
spans, penetrat ing airplanes can be expected t o  encounter loads of 
increased seve r i ty  i n  the f u t u r e .  

The results show t h a t  l i g h t e r  a i rplanes can be expected t o  experience 

The ratios of t h e  maximum load f a c t o r  (from 
grea te r  load f ac to r s  than heavier  airplanes when t ravers ing  a vortex sys- 
t e m  under s imi l a r  conditions.  
l e v e l  f l igh t )  t o  the  design ult imate load f a c t o r  were, however, about t he  
same f o r  t h e  two penetrat ing a i rp lanes  used i n  t h i s  ana lys i s .  It w a s  
found, furthermore, tha t  t h e  load fac tors  on t h e  penetrat ing a i rp lane  
increased w i t h  ve loc i ty ,  reached maximum values near the vortex cores,  
and were not a f f ec t ed  appreciably by center-of-gravity loca t ion .  
shown t h a t  the penetrat ing a i rp lane  must pass e i t h e r  through o r  very close 
t o  t h e  r a the r  confined areas of vortex cores t o  experience load f ac to r s  
of severe magnitude. 

It w a s  

The results a l so  show t h a t  although load f ac to r s  imposed by t h e  
vor t ices  could be a l l e v i a t e d  by elevator  def lec t ion  the  p i l o t  would be 
required t o  an t i c ipa t e  exact ly  the  phasing of e leva tor  motion with 
impulses from t h e  vo r t i ce s .  However, because of inherent p i l o t  and 
control-system lag ,  t h e  loading conditions would almost c e r t a i n l y  be 
aggravated rather than a l l e v i a t e d  by elevator  def lec t ion .  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley F ie ld ,  V a . ,  March 13, 1961. 
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APPENDIX A 

SYMBOLS 

2 &n normal acceleration, ft/sec 

A wing aspect rat io, b2/S 

b wing span, ft 

bt horizontal-tail span, ft 

C wing mean aerodynamic chord, ft 

CL lift coefficient, nW/qS 

CL,t horizontal-tail lift coefficient, (L/qS)t 

Cm 

- 

pitching-moment coefficient of airplane without horizontal 
tail, a/qS2 

Cm, t pitching-moment coefficient of isolated horizontal-tail 
surface 

d distance between core centers of the rolled-up trailing wing- 
tip vortices, ft 

DI,D~,D~,D~ distances, ft (fig. 13) 

e 
essentially rolled up, ft 

distance behind wing at which trailing wing-tip vortices become 

2 Jw impressed moment forcing function, M/-I, l/sec 

g 

h 

I 

kY 

K' 

acceleration due to gravity, 32.2 ft/sec2 

penetration-path height from line of vortex centers, ft 

pitching moment of inertia of airplane, slug-ft2 

radius of gyration about pitching axis, ft 

empirical constant denoting ratio of damping moment of complete 
airplane to damping moment of tail alone 
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K1,K2,. . .K6 constants occurring i n  equation (B21) (defined i n  t a b l e  V )  

l i f t ,  l b  

a i rplane mass, slugs 

Fmpressed airplane pi tching moment about t h e  center  of gravi ty ,  
f t - l b  

pi tching moment a t t r i b u t e d  t o  c i rculatory flow of vor t ices ,  
f t - l b  (defined by eq. (Bl9)) 

pitching moment a t t r i b u t e d  t o  elevator def lect ion,  f t - l b  
(defined by eq. ( B l 7 ) )  

a i rplane normal load f a c t o r ,  %/g 

load f a c t o r  f o r  trimmed steady f l i g h t  ( n l  = 1) 

load f a c t o r  due t o  a i rplane response 

load f a c t o r  due t o  c i rcu la tory  flow of vor t ices  

dynamic pressure,  lb/sq f t  

radial dis tance from center  of vortex.core,  f t  

radius  of vortex core, f t  

wing area, s q  f t  

h o r i z o n t a l - t a i l  area, s q  f t  

time after airplane en t ry  i n t o  vortex f i e l d ,  sec 

t l , t 2 , t 3 , t 4  times at which t h e  airplane e n t e r s  and departs t h e  vortex 
cores, sec (defined by eqs. (€38) and ( B 9 ) )  

V ve loc i ty  of a i rp lane ,  f t / s e c  

VV normal t r a n s l a t i o n a l  ve loc i ty  of airplane, f t / sec  

W r e s u l t a n t  veloci ty  of vor t ices  perpendicular t o  penetrat ion 
path,  ft/sec 

WC t a n g e n t i a l  ve loc i ty  of c i rculatory flow inside the vortex 
core, f t / s e c  
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Wd 

wv 

W 

X 

Xt 

a 

OLt 

ae 
a2 

aT 

a, 

a, 

Y 

A6 

E 

T t  

downward veloci ty  of rolled-up vor t ices ,  f t / s e c  

tangent ia l  ve loc i ty  of c i rcu la tory  flow i n  vortex outside t h e  
core, f t / s e c  

ai rplane weight, l b  

distance along t h e  penetration path where w i s  approximately 
2 f t / sec ,  f t  ( f i g .  13) 

length from center  of grav i ty  of a i rp lane  t o  aerodynamic center  
of horizontal  t a i l  (pos i t ive  when t a i l  is  rearward of center  
of grav i ty) ,  f t  

a i rplane angle of a t tack ,  radians 

hor izonta l - ta i l  angle of a t tack ,  radians 

e f fec t ive  induced angle of a t tack ,  radians 

c+ modified f o r  l a g - i n - l i f t  e f f e c t s ,  radians 

induced angle of a t t a c k  due t o  a i rp lane  response, radians 

induced angle of a t t a c k  due t o  normal t r a n s l a t i o n a l  ve loc i ty  
of a i rplane,  radians 

induced angle of a t t a c k  due t o  r e s u l t a n t  ve loc i ty  w of 
vor t ices ,  radians 

angle of penetrat ion path with respect t o  l i n e  of vortex 
centers,  deg 

incremental e levator  angle, radians 

downwash angle, - a, radians 
da  

t a i l  e f f ic iency  fac tor ,  qt/q 

~ 1 , ~ 2 , e 3  angles, deg ( f i g .  13) 

ee e f fec t ive  airplane p i t c h  angle due t o  vortex c i rcu la tory  flow, 
radians 

P mass densi ty  of air, slugs/cu f t  

The notations &, 6 ,  A,  ii, and ti denote f i rs t  and second deriva- 
t ives  of var iables  with respect t o  time. 
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Subscripts  : 

g generating a i rp lane  

P penetrat ing airplane 

t hor izonta l  t a i l  



16 

APPENDIX B 

DETAILS OF METHODS USED 

To formulate the  methods used i n  t h i s  paper, well-known t h e o r e t i c a l  
descriptions of wing-tip t r a i l i n g  vor t ices ,  as developed by a generating 
airplane,  a r e  f i r s t  resolved t o  convenient form. The angles of a t t a c k  on 
the penetrat ing airplane induced by the vortex flow were then determined 
and used t o  ca lcu la te  t h e  noma1 load f a c t o r s .  

Tra i l ing  Vortices 

The t ranspor t  a i rplane generating t h e  vor t ices  was assumed t o  have 
e l l i p t i c a l  spanwise wing loading. 
expressions from theory ( r e f .  12), each wing-tip t r a i l i n g  vortex w a s  
essent ia l ly  r o l l e d  up at  a distance 

I n  accordance with the  following 

e behind t h e  wing, where 

Ag e = 0.280 - 
CL bg 

and had at  t h e  i n i t i a l  rolled-up condition a s t rength ( t a n g e n t i a l  ve loc i ty  
gradient of t h e  c i rcu la tory  flow) wv such t h a t  

The tangent ia l  veloci ty  of c i rcu la tory  flow within t h e  core of each 
vortex (r  <= rc) f o r  the  i n i t i a l  rolled-up condition w a s  considered t o  vary 
l inear ly  from a maximum at  t h e  periphery ( r  = rc) t o  zero at t h e  core 
center (r  = 0 )  as 

The core radius i s  defined by t h e  theory as 



and the dis tance between core centers of the vor t ices  i s  given by 

r[ 

d = 4 b g  

The vortex cores have a downward ve loc i ty  with respect t o  the f l i g h t  
path as calculated from t h e  r e l a t i o n  

A method was s e t  up t o  evaluate t h e  resul tant  v e l o c i t i e s ,  contributed 
by the c i rcu la tory  flow of the  two vortex f i e l d s ,  perpendicular t o  the 
penetrat ion paths.  The resu l tan t  ve loc i t ies  a t  given times along the  
penetrat ion paths parallel t o  the  l i n e  of vortex centers  outside t h e  vor- 
tex cores (h-2  rc)- can be' 

w =  

where 

as shown i n  f igure  l3(a) .  Also f o r  the cases where t h e  penetrat ion paths 
coincide with the l i n e  of vortex centers ( h  = 0 )  t h e  r e s u l t a n t  v e l o c i t i e s  
w e r e  calculated with equation (B7) except those within t h e  cores.  
r e s u l t a n t  v e l o c i t i e s  within t h e  cores were defined by t h e  s t r a i g h t  l i n e  
joining t h e  resultant v e l o c i t i e s ,  calculated w i t h  equation (B7) ,  at t h e  
times t h e  penetrat ing airplane entered and departed t h e  cores. 
t h e  f i rs t  core was entered and departed are  given, respect ively,  as 

The 

The times 

. 

and 
vP 

x - r c  i tl = 

x + r c  vP J t* = 
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and f o r  the  second core t h e  times a re  

x + d - I - ,  
t 3  = 

vP 

and 
x + d. + rc 

t 4  = 
vP 

The resu l tan t  v e l o c i t i e s  perpendicular t o  penetration paths at 
angles t o  t h e  l i n e  of vortex centers  about the  vortex center  f i rs t  ' 

approached by t h e  penetrating airplane are, except within the  vortex 
core, 

where : 

D3 = D1 + d COS 7 

D4 = d s i n  7 

as shown i n  f i g m e  l 3 ( b ) .  
entered were a l s o  defined by t h e  s t r a i g h t  l i n e  joining the  resu l tan t  
veloci t ies ,  calculated with equation ( B l O ) ,  at t h e  times t h e  a i rp lane  
entered and departed t h e  vortex core.  
the times t o  e n t e r  and depart  the  core, t l  and t 2 ,  respect ively,  are 
the same as previously wr i t ten  (eqs.  (B8)). 
t ion  paths at angles t o  t h e  reference l i n e  do not in te rcept  t h e  second 
core; hence t 3  and t 4  are not considered. 

An example of the  v e l o c i t i e s  w calculated with equations (B7), 
(€381, and (B9) f o r  a penetrat ion path coinciding with the  l i n e  of vortex 
centers i s  given i n  f igu re  5 (case 2 ) .  
ve loc i t ies  w are assumed t o  be of uniform strength across t h e  wing span 
of t h e  penetrating airplane a t  any i n s t a n t  of time during penetrat ion of 
the vor t ices .  

Resultant v e l o c i t i e s  i n  t h e  region of t h e  core 

The equations used f o r  expressing 

I n  t h i s  analysis  the  penetra- 

I n  t h e  subsequent calculat ions the 



Equations (B7) and ( B l O ) ,  then, i n  conjunction with equations (B8) 
and (Bg),  are used i n  t h i s  report  t o  describe the  ve loc i ty  gradients 
experienced by t h e  penetrating airplane whi l e  t ravers ing t h e  t i a i l i n g  
wing-tip vor t ices .  The e f f e c t  of the  vortex-flow resu l tan t  ve loc i ty  com- 
ponent p a r a l l e l  t o  t h e  penetration paths on t h e  load f a c t o r s  of t h e  pene- 
t r a t i n g  airplane was believed t o  be small and w a s  therefore  not included 
i n  t h e  calculat ions.  Also, the  interact ion between t h e  vor t ices  of the 
generating and penetrat ing airplanes w a s  considered negl igible .  

Normal Load Factors 

The normal load f a c t o r  n on the  penetrating airplane,  while tra- 
versing t h e  vortex f i e l d s ,  can be writ ten as 

and i n  coef f ic ien t  form as 

To solve equation ( B U )  f o r  n the  incremental induced angles (a1 and 
%) must first be determined. 
equation a r e  known f o r  the  penetrating airplane f o r  which calculat ions 
are t o  be made. 

The values of t h e  other  parameters i n  t h e  

Induced angle of a t t a c k  aZ.- Two steps were taken t o  resolve t h e  
resu l tan t  vortex v e l o c i t i e s  w t o  t h e  induced angle of a t t a c k  a2 on 
t h e  penetrat ing airplane (no p i t c h  motion assumed) while t ravers ing  t h e  
t r a i l i n g  vor t ices .  The f i r s t  s t e p  taken evaluated 

W a w = -  

at times 
x - D1 

t = -  
VP 

along the  penetrat ion path.  Several  examples of % are shown p l o t t e d  
i n  f igure  14 f o r  the d i f f e r e n t  types of cases invest igated.  The 
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penetrating airplane w a s  considered t o  e n t e r  the  vor t ices  at time t = 0 
(arbitrarily se lec ted  a t  t h e  point  where w 5 2 f t / s e c ) .  

The second s t e p  evaluated a2 by making adjustments f o r  t h e  lag- 
i n - l i f t  e f f e c t s  (Kiissner funct ion)  on the  induced angle The pro- 
cedure u t i l i z e d  w a s  a superposit ion i n t e g r a l  t h a t  approximated % by 
a ser ies  of s t e p  changes i n  angle of a t t a c k .  The function of f igure  15 
(obtained from ref. 16) w a s  applied t o  each uni t  change t o  account f o r  
the l a g  i n  l i f t .  As i l l u s t r a t e d  i n  the f i g u r e ,  t h e  angle-of-attack r a t i o  
a~/% 
velocity gradient .  Examples of t h e  induced angles of a t t a c k  % and a2 
on the penetrating airplane are shown i n  f igure  16 for case 2. 
i n  the f igure i s  t h e  e f fec t ive  induced angle of a t t a c k  which w i l l  be 
derived l a t e r .  

~ t r .  

becomes uni ty  a t  8 wing-chord lengths of penetrat ion i n t o  a s tep-  

Also shown 
ae 

Induced angle of a t t a c k  +.- The induced angle of a t t a c k  I+ can 
be expressed i n  t h e  d i f f e r e n t i a l  equations f o r  the  longi tudinal  motion of 
an airplane,  namely, equations summing the  forces perpendicular t o  t h e  
re la t ive  wind and the  pi tching moments about t h e  a i rp lane  center  of 
gravity. 
plane, l i n e a r  aerodynamic der ivat ives ,  and small changes i n  penetrating- 
airplane speed and penetration-path angles while t ravers ing  the  vor t ices  
along a spec i f ied  path.  
equivalent second-order d i f f e r e n t i a l  equation of  longi tudinal  motion 

h p l i c i t  i n  these  equations a r e  t h e  assumptions of a r i g i d  air- 

The equations are reducible ( r e f .  17) t o  t h e  

M 
-I 4 + K l h  + K ~ c +  + - = 0 

The term M i s  the  impressed pi tching moment on t h e  a i rp lane  about 
the center  of gravity;  K 1  and K2 are constants f o r  any given set of 
f l i g h t  conditions as defined i n  t a b l e  V. 

The impressed pitching moment on t h e  penetrat ing airplane under t h e  

and t h e  moments due t o  e leva tor  deflec- 
present considerations i s  t h e  sum of the  moments a t t r i b u t e d  t o  t h e  circu-  
l a t o r y  flow of t h e  vor t ices  
t ion %. Hence 

M, 

M 1 - = (Ms +.Q) - 
-I -I 
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where 

which can be wr i t ten  i n  abbreviated form as 

and 

which i n  abbreviated form i s  wr i t ten  

The pos i t i ve  direct ions of t h e  s ign  conventions employed a re  shown i n  
f igu re  17 and are t h e  same as those used i n  reference 17. The K con- 
s t a n t s ,  as defined, are l i s t e d  i n  table V .  

Equation (Bl7) represents  t h e  moment about t h e  airplane center  of 
grav i ty  a t t r i b u t e d  t o  an incremental e levator  def lec t ion  from t h e  trim 
pos i t ion .  I n  equation ( B l 9 )  the term containing a, represents  the 
moment on t h e  a i rp lane  caused by the e f f ec t ive  angle of a t t a c k  induced 
by the  r e su l t an t  ve loc i ty  gradient of t he  vor t ices ;  t h e  
introduced t o  represent  t h e  moment due t o  l a g  i n  downwash at  the  ta i l ;  

& term w a s  
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and the  de term represents t h e  moment due t o  change 
angle of a t tack  due t o  e f f e c t i v e  airplane p i t c h .  

Equation (B15)  can be rewri t ten,  using equations 
and (B2O) as 

I I I  

which i s  the longi tudinal  
with t h e  impressed moment 

F ( t )  = 

equation f o r  a damped 
forcing function 

The longi tudinal  equation of motion (eq. (B21)) i s  solved f o r  the  
induced angle of a t t a c k  %, t h e  response of the airplane about t h e  
penetration path while t ravers ing t h e  vortex system. To solve the  equa- 
t ion,  t h e  evaluation of t h e  K constants and time h i s t o r i e s  of t h e  
e f fec t ive  induced angle of a t t a c k  a, (no p i t c h  motion), &, he, and 
incremental e levator  def lect ion A6, i f  any, a r e  required.  The values 
of the K constants as determined f o r  t h e  f l i g h t  conditions invest igated 
are  l i s t e d  i n  t a b l e  V I .  

T o  resolve t h e  previously determined induced angle a1 t o  t h e  

ue, effect ive induced angle of a t t a c k  an adjustment w a s  made f o r  the  
e f fec t  of t h e  penetrating a i rp lane’s  normal t r a n s l a t i o n a l  ve loc i ty  on 
the induced angle of a t t a c k  a2 (no p i t c h  motion). The a i r p l a n e ’ s  
normal accelerat ion along t h e  penetrat ion path,  a t t r i b u t e d  t o  t h e  vortex 
velocity gradient,  was calculated from 

The normal t r a n s l a t i o n a l  ve loc i ty  Vv was then derived by in tegra t ing  
the accelerat ion a with respect t o  time, and t h e  r e l a t i o n  

YP 

was used t o  express t h e  induced angle of a t t a c k  on t h e  penetrating air- 
plane due t o  i t s  normal t r a n s l a t i o n a l  ve loc i ty .  



Hence, t h e  e f f e c t i v e  induced angle of a t tack on t h e  airplane while 
passing through the vor t ices  with no p i t c h  motion can be wri t ten 

Time h i s t o r i e s  of t h e  e f fec t ive  induced angle of a t t a c k  
mined f o r  each case investigated.  

ue were deter-  
(See f i g .  16 for a t y p i c a l  example.) 

The methods used t o  evaluate the  r a t e s  of change of e f fec t ive  angle 
of a t t a c k  and ef fec t ive  pi tching velocity de  induced on the  pene- 
t r a t i n g  a i rp lane  by t h e  angle of a t tack  
The values of c& and 6e were calculated from the  expressions 

ae a r e  i l lustrated i n  f igure  18. 

and 

-hz,vp 
xt 

= 

Suff ic ien t  information i s  now available concerning the  impressed 
moment forcing function F ( t )  (eq.  (B22)) t o  solve the  longi tudinal  

a i rplane while t ravers ing  t h e  vortex system. 
equation oi rnotioii (eq.  ( ~ 2 1 ) )  f o r  ~ I X  respocse c+ of t h e  peoet.ra.ting 

An example of a t y p i c a l  elevator-fixed impressed moment forcing 
function F ( t )  calculated with equation (B22) f o r  case 2 i s  shown i n  
figure 19. The forcing-function time h i s t o r i e s  of cases 1 t o  16 were 
s imi la r ly  found, and the  time h i s t o r i e s  were programed according t o  
equation (B21) i n  an automatic d i g i t a l  computing machine. I n i t i a l  con- 
d i t i o n s  spec i f ied  f o r  equation (B21) were % = 0, and & = 0 
at  t = 0. Solutions t o  equation (B21) f o r  + were obtained a t  times 
se lec ted  along t h e  penetration paths t o  represent adequately t h e  airplane 
response. 
(Wagner funct ion)  were r e l a t i v e l y  small and not included. 

% = 0 ,  

The unsteady-lif t  e f f e c t s  following a change i n  angle of a t t a c k  

General solut ions t o  equation (B21) are presented i n  char t  form 
( f i g .  20) f o r  a range of a i rplane charac te r i s t ics ,  and an example 
i l l u s t r a t i n g  t h e i r  use i s  given i n  appendix C .  
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Elevator Deflection Requirement 

The incremental e levator  def lec t ion  required f o r  the  at tenuat ion of 
the load f a c t o r  t o  1 g f l i g h t  through the  vortex system i s  expressed by 
the r e l a t i o n  given i n  reference 17 (with negative s ign a f f i x e d )  as 

A6 = -( 'EL JpE + K1i + K2(n - 
K3 da 

Suff ic ient  information about t h e  terms i n  equation (B28) i s  already 
available t o  solve f o r  the incremental e leva tor  def lec t ion  required of 
the penetrat ing airplane.  The load f a c t o r  n on t h e  penetrat ing air- 
plane t ravers ing the  vor t ices  with elevator  f ixed  i s  determined from 
equation (B11). The ri and n terms a r e  determined by taking first 
and second der ivat ives  of n. 

Ver t ica l  Displacement 

The v e r t i c a l  displacement of t h e  airplane from t h e  prescribed pene- 
t r a t i o n  path w a s  obtained as a f i rs t  approximation by in tegra t ing  (numer- 
i c a l l y )  twice with respect t o  time t h e  normal accelerat ion 
penetrating airplane where 

on the  
&n = ( n  - 1 ) g .  



APPENDIX c 

EXAMPI;E OF CHART APPLICATION 

An example i s  given i n  t h i s  appendix t o  i l l u s t r a t e  t h e  genera l i ty  
of t h e  cha r t s  i n  f igure  20 f o r  computing the normal load f a c t o r  on t h e  
penetrat ing a i rp lane  PA responding t o  an e leva tor  def lec t ion .  
are so lu t ions  of equation (B21) ,  i n  terms of a i rp lane  angle-of-attack 
response K2%, with u n i t  fo rc ing  function l ( t )  ( t h a t  is, F ( t )  = 0 
at t < 0 and F ( t )  = 1 at t 2 0 ) .  The ranges of K1 and K2 repre- 
sent  values of a i rp lane  aerodynamic and geometric cha rac t e r i s t i c s  and 
f l i g h t  conditions t h a t  a r e  l i k e l y  t o  ex i s t .  

The char t s  

The normal load f a c t o r  n, i s  defined as 

where K2% is defined i n  the  r e l a t i o n  

Physical and aerodynamic cha rac t e r i s t i c s  of t h e  a i rp lane  used i n  t h e  
example are given i n  table  I1 and t h e  f i i g h t  co i id i tbns  are the saiie as 
those of case 2. (See t a b l e  111.) 

The values of K1 and K2, as defined i n  t a b l e  V, are a l s o  t h e  same 
as those of case 2. 
( K 1  = 6.0 and K2 = 21.6) gives the  response K- of t h e  a i rp lane  t o  
a un i t  s t e p  function. 

(See t a b l e  V I . )  In te rpola t ing  i n  f igu re  = ( e )  

This response is  shown p l o t t e d  i n  f igu re  2 l ( a ) .  

The next s t e p  is  t o  evaluate t h e  impressed moment forc ing  funct ion 
F ( t )  on t h e  a i rp lane  from 

The impressed moment used i n  this example i s  due only t o  an estimated 
incremental e leva tor  def lec t ion  (shown p lo t ted  i n  f i g .  l O ( a ) ) ;  hence, 
a, = 0, 4 = 0, and 6e = 0. From t ab l e  V I ,  K 3  = -32.52143. The 
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time his tory  of t h e  derived impressed moment forcing function i s  p l o t t e d  
i n  f igure 2 l ( b ) .  

Unit s t e p  functions are then superimposed on t h e  p l o t  of derived 
impressed moment forcing function s o  as t o  represent adequately t h e  
curve. A t  se lected times t h e  responses K2a, of each uni t  s t e p  a r e  
algebraically s m e d  and t h e  sums are each mult ipl ied by 0.5111, t h e  

value of (- dcL @- ) f o r  the  example, t o  obtain the  load f a c t o r  on t h e  
da K2W 

airplane nr due t o  t h e  impressed moment forcing function. 

A comparison i s  made i n  figure 2 l ( c )  between the  airplane normal 
load  f a c t o r s  nr calculated with t h e  automatic computing machine and 
those determined by t h e  superposit ion method using t h e  char t s .  The 
agreement i s  considered t o  be good and i l l u s t r a t e s  t h a t  t h e  charts  a r e  
adequate f o r  determining t h e  response and load f a c t o r s  of an airplane 
w i t h  Fmpressed moment. 
factors  could be calculated f o r  other  a i rplanes and/or f l i g h t  conditions 
w i t h  t h e  use of these char t s .  

I n  a similar manner the  incremental normal load 
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TABU I 

GB GC 

GENERATING-AIRPLANE CHARACTERISTICS 

I 

Characteristics 

Weight, lb . . . . . . . . 
Wing span, ft . . . . . . 
Wing area, sq ft . . . . . 
Wing aspect ratio . . . . 
Velocity, ft/sec . . . . . 
Altitude, ft . . . . . . . 

180,000 
174.1 
2,506 
12.10 
253 

1,000 

295,000 
141.5 
2,908 
6.88 

322 
1,000 

~ ~~ 

400,000 
go .o 
4,300 
1.88 
420 

1,000 



TABI;E I1 

PENETRATING-AIRPLANE CKARACTERISTICS 

Geometric 
Airplane 

PA 

Airplane weight, W ,  l b  . . . . . . . . . . . . . . .  2,000 
Gross wing area ,  S,  sq f t  . . . . . . . . . . . . .  147.5 
Wing span, b,  f t  . . . . . . . . . . . . . . . . . .  29 -3 

Wing mean aerodynamic chord, E ,  f t  . . . . . . . . .  5.25 
27.2 Horizontal t a i l  area, St, sq f t  . . . . . . . . . .  

Horizontal t a i l  span, b t ,  f t  . . . . . . . . . . . .  9.54 

Wing aspect r a t i o ,  A . . . . . . . . . . . . . . . .  5.82 

Tai l  length,  3, ft :  
12.11 Center of grav i ty ,  20 percent E . . . . . . . . .  

Center of gravi ty ,  25 percent E . . . . . . . . .  11.85 
Center of gravi ty ,  30 percent ? . . . . . . . . .  11.59 

Radius of  a r a t i o n ,  ky, f t  . . . . . . . . . . . . .  4.22 

Elevator def lec t ion ,  6,  radians:  
M a x h m u p . .  . . . . . . . . . . . . . . . . . .  0.4188 
Max immdown. .  . . . . . . . . . . . . . . . . .  0.2269 

Aerodynamic 

Slope of a i rp lane  l i f t  curve, dCL/da, 

Slope of t a i l  l i f t  curve, dCL,t /dq,  
per  radian . . . . . . . . . . . . . . . . . . . .  4.18 

per  radian . . . . . . . . . . . . . . . . . . . .  3.66 

1 .oo 
1.10 

Downwash fac tor ,  dc/da . . . . . . . . . . . . . . .  0.445 
Tai l  e f f ic iency  f ac to r ,  vt . . . . . . . . . . . . .  
Empirical a i rplane damping f a c t o r ,  K '  . . . . . . .  
Elevator effect iveness  f ac to r ,  dCL, t/d6, 

Rate of change of t a i l  moment with camber due t o  
per r a d i a n .  . . . . . . . . . . . . . . . . . . .  2 -93 

e leva tor  angle, dC,,t/d6, per radian . . . . . . .  -0.57 

Rate of change of moment coe f f i c i en t  with angle 
o f  a t t a c k  f o r  a i rp lane  without t a i l ,  dCddu, 
per radian: 

Cen te r  of gravi ty ,  20 percent C . . . . . . . .  
Cente r  o f  gravi ty ,  25 percent 5 . . . . . . . .  
Center of gravi ty ,  30 percent E . . . . . . . .  

0 -075 
0.284 
0.490 

Airplane 
PB 

35,000 
754 .o 
95.2 

12 .oo 
8.45 

172.0 
31.65 

5.17 

4.32 
0.352 
1.00 
1.10 

1.73 

-0.50 
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TABm IV 

GENERATING-AIRPLANE VORTEX PARAMETERS 

GA 616 13.50 26.5 137 *o 
322 10.96 51.7 111.1 

cc 104 6.98 133 -1 70.7 
Gg 
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TABU VI 

VALUES OF K CONSTANTS OCCURRING IN LONGITUDINAL EQUATIONS 

OF MOTION FOR THE VARIOUS CASES 

Zase 

1 
2 
3 
4 

5 
6 
7 
8 

9 
10 
11 
12 

13 
14 
15 
16 

K1 

3.96273 
5.96240 
6.94393 
5 - 79076 
4.60787 
5.96240 
5.96240 
6.94393 

6.94393 
6 - 94393 
6 94393 
3 ' 45413 

3 45413 
3.45413 
5.96240 
3 * 96273 

K2 

9 * 52813 
21.56047 
29.25070 
15 85335 

27 34639 
21.56047 
21.56047 
29.25070 

29.25070 
29.25070 
29.25070 
7.48648 

7.4-8648 
7.48648 
21.56047 
9 - 52813 

K3 

-14.37206 
-32.52143 
-44.12123 
-31 82337 

-33.22020 
-32.52143 
-32.52143 
-44.12123 

-44.12123 
-44.12123 
-44.12123 
-5 76739 

-5.76739 
-5 76739 

-14.37206 
-32.52143 

K4 

6.30771 
14.27322 
19.36422 
8.88237 

1-9.73585 
14.27322 
14.27322 
19.36422 

19.36422 
19.36422 
19.36422 
5.30838 

5.30838 
5.30838 

6.30771 
14.27322 

K5 

0 - 75701 
1.13902 
1.32652 
1.08958 

1.18955 
1.13902 
1.13902 
1.32652 

1.32652 
1.32652 
1.32652 
.49809 

.49809 

.49809 
1.13902 
-75701 

K6 

1.87150 
2.81590 
3.27945 
2.69369 

2.94082 
2.81590 
2.81590 
3.27945 

3 ' 27945 
3.27945 
3.27945 
1 55654 

1.55654 
1.55654 
2.81590 
1.87150 
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Figure 2 . -  Schematic sketch of  wing-tip rolled-up t r a i l i n g  vor t ices  shed 
by generating airplanes.  
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0 
Distance 

(a)  Penetrat ing heights h. 

(b) Penetration angles y .  

Figure 3 . -  Schematic sketch of t h e  selected penetrat ion paths  through 
t h e  t r a i l i n g  vort ices .  
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(b)  Variation of center-of -gravity locat ion.  
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( c )  Variat ion of penetrat ion l eve l .  
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(d )  Variat ion of penetrat ion angle. 

Figure 7.- The e f f e c t s  of s eve ra l  var iables  on t h e  ca lcu la ted  load 
f a c t o r s  on a i rp lane  PA with elevator  fixed t ravers ing  t h e  ro l led-  
up t r a i l i n g  vo r t i ce s  of a i rp lane  GA. 
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Figure 8.- Calculated load f a c t o r s  on a i rp lane  PA with e leva tor  f ixed  
t ravers ing  t h e  t r a i l i n g  vo r t i ce s  of a i rp lanes  GA, GB, and Q. 
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Figure 9.- Calculated load f ac to r s  on a i rplane PB with elevator  f ixed  
t ravers ing  the  t r a i l i n g  vort ices  of a i rplanes GA, GB, and k. 
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Time, sec 

(a )  Estimated elevator  motion. 

(b)  Airplane load f a c t o r .  

Figure 10.- Calculated load f a c t o r s  on airplane PA with an estimated 
elevator  motion t ravers ing  t h e  t r a i l i n g  v o r t i c e s  of a i rp lane  GA- 
Case 15. 
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(a) Penetration paths  p a r a l l e l  t o  the  l i n e  of 
vortex centers  a t  a distance h. 

(b) Penetration paths a t  an angle 7 with 
the  l i n e  o f  vortex centers. 

Figure 13 . -  Conventions used i n  calculat ing t h e  resu l tan t  vortex veloci-  
t i e s  w perpendicular t o  t h e  penetration paths.  Pos i t ive  d i rec t ions  
of  q u a n t i t i e s  shown. 
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(a) Fl ight  path on l i n e  of vortex centers.  

Time ,  sec  

(b )  F l igh t  path a t  a dis tance p a r a l l e l  t o  t h e  l i n e  of 
vortex centers.  h = 515 f t .  

.2 
Time,  sec 

( c )  F l igh t  path a t  an angle t o  t h e  l i n e  of 
vortex centers.  y = 515O. 

igure 14.- Examples of angle of a t t a c k  induced on penetrat ing a i rp lane  
by t h e  t r a i l i n g  vor t ices  f o r  t h e  d i f f e r e n t  types of  cases invest igated.  
Vp = 176 f t / s e c .  
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(a) Variation of Kfi with time ( in te rpola ted  from f i g .  X)(e)).  
K1 = 6.0; K2 sz 21.6. 

(b) Superposition of F ( t )  with u n i t  s t e p  funct ions l ( t ) .  

( c )  Comparison of ca lcu la ted  a i rp lane  load f ac to r s .  

Figure 21.- Example of applying t h e  derived cha r t s  of figure x) t o  calcu- 
la te  a load f a c t o r  due t o  F ( t ) .  

NASA - Langley Fleld, Va. L-980 


